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Abstract

W e apply probabilit y theory to the task of

pro ving whether a goal can b e ac hiev ed b y

a pla y er in an adv ersar ia l game. Suc h prob-

lems are solv ed b y searc hing the game tree.

W e view this tree as a graphical mo del whic h

yields a distribution o v er the (Bo olean) out-

come of the searc h b efore it terminates. Ex-

p erimen ts sho w that a b est-�rst searc h al-

gorithm guided b y this distribution explores

a similar n um b er of no des as Pro of-Num b er

Searc h to solv e Go problems. Kno wledge is

incorp ora ted in to searc h b y using domain-

sp eci�c mo dels to pro vide prior distributions

o v er the v alues of leaf no des of the game tree.

These are surrog a te for the unexplored parts

of the tree. The parameters of these mo d-

els can b e learned from previous searc h trees.

Exp erimen ts on Go sho w that the sp eed of

problem solving can b e increased b y orders

of magnitude b y this tec hnique but care m ust

b e tak en to a v oid o v er-�tting.

1. In tro duction

W e address the issue of pro ving whether goals can b e

ac hiev ed b y a pla y er in an adv ersar ia l game. The task

is to pro v e that a pla y er (the `attac k er') can ac hiev e

the goal whatev er the actions of the opp onen t (the

`defender') . Suc h problems are solv ed b y searc hing

the state space (the game tree) (P earl, 1984 ; Russell

& Norvig, 1995 ).

W e assume ev ery no de in the game tree has an under-

lying `Delphic' v alue: the Bo olean v alue that w ould b e

returned b y an oracle with p erfect kno wledge (P ala y ,

App earing in Pr o c e e dings of the 24 th
International Confer-

enc e on Machine L e arning , Corv allis , OR, 2007. Cop yrigh t

2007 b y the author(s)/o wner(s).

1985 ). This v alue is TR UE for a no de if the goal can

b e pro v ably ac hiev ed in the corresp o nding p osition and

F ALSE if the goal cannot b e ac hiev ed. After fully ex-

ploring the tree w e can determine b y logical deduction

the v alue of the ro ot no de. In this case the tree is

`solv ed' and searc h terminates. During a searc h the

v alues of some no des are not y et determined and w e

can quan tify the uncertain t y ab out these v alues using

probabilities. W e assign a probabilit y of 1 to ev ery

TR UE no de and probabilit y 0 to ev ery F ALSE no de.

All other no des ha v e some probabilit y b et w een 0 and 1

whic h represen ts a degree of b elief ab out whether the

no de is TR UE (see Section 3).

By placing prior distributions on the v alues of the leaf

no des of the game tree w e can incorp ora te kno wledge

in to searc h. These distributions are surrog a te for the

unexplored parts of the tree. As searc hes are p er-

formed, no des b ecome pro v ed as TR UE or F ALSE and

these pro ofs can b e used to up date the surrog a te dis-

tributions so future searc hes are more e�cien t.

A n um b er of approac hes using probabilit y distribu-

tions to guide searc h in games ha v e b een suggested

(P ala y , 1985 ; Baum & Smith, 1997 ; Russell & W e-

fald, 1991). In these cases distributions are used to

mo del the uncertain t y in the real-n um b ered v alue of

game states. In this w ork w e are concerned with bi-

nary (WIN/LOSS) games for whic h the seman tics of

a real-n um b ered state-v alue are unclear so w e assume

the underlying Delphic v alue of a no de can only b e

TR UE or F ALSE.

Man y individual no des m ust b e solv ed recursiv ely in

order to solv e a game tree so eac h no de represen ts a

searc h problem in its o wn righ t. This means that a

complex problem pro vides a ric h source of information

ab out problem solving in general. In Section 4 w e

apply these ideas to the game of Go. A Go p osition in

conjunction with the rules of the game con tains all the

information necessary for p erfect pla y but if w e ha v e

limited computational resources w e m ust tak e care to
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extract only relev an t information. The game tree giv es

the structure required to extract this kno wledge.

This t yp e of sup ervised learning is un usual b ecause it is

the agen t itself generating the observ atio ns . Ho w ev er,

as long as w e mak e our inferences based en tirely on

our probabilistic mo del (the searc h tree) and on whic h

no des are observ ed to b e TR UE or F ALSE w e receiv e

the full protection of the likelih o o d principle (MacKa y ,

2003 ): it is not p ossible to bias our mo dels b y the fact

w e are selectiv ely exploring the state space b ecause

all pro ofs and dispro ofs w e observ e are ob jectiv e facts

ab out the domain.

2. Searc h in Games

2.1. AND / OR T rees

1

Let the set of p ossible p ositions in a game b e

N : A problem is de�ned b y its `goal', g :
N ! f TR UE, F ALSE, UNKNO WN g. Eac h p osition

n 2 N has a set of legal successor p ositions, L(n) ,

eac h of whic h can b e generated b y an action of a pla y er

(a mo v e). T w o pla y ers, `attac k er' and `defender', tak e

it in turns to mo v e. W e are concerned with pro ving

whether the attac k er can reac h a state in whic h the

goal is TR UE taking in to accoun t all p ossible actions

of `defender'. The (Bo olean) result of this pro of is the

Delphic v alue of the no de and is denoted d(n) where

d : N ! f TRUE ; FALSEg.

Starting at a ro ot p osition r 2 N w e `dev elop' it

b y generating eac h legal successor p osition (its `c hil-

dren'). In this w a y w e b egin to generate a searc h

tree , T := fN ; Eg, whic h represen ts p ossible (directed)

paths through state space. Eac h edge e 2 E corre-

sp onds to a transition b et w een states (a mo v e). W e

refer to the set of c hildren of a no de n as ch(n) and

the paren t of a no de c as pa(c) . Once a p osition is

dev elop ed it is called an `in ternal' no de otherwise it

is a `leaf ' no de. Leaf no des, l , where g(l) is TR UE

or F ALSE are called `terminal' no des. W e iterate the

pro cess of dev eloping non-terminal leaf p ositions to ex-

pand the searc h tree.

The v alues of previously explored paths through

state space are represen ted as an AND/OR T ree

(A OT) (Nilsson, 1971 ). Eac h no de n 2 N
in the A OT is lab elled with a v alue v(n) 2
f TR UE, F ALSE, UNKNO WN g. If v(n) is TR UE or

F ALSE then no de n is `solv ed' and v(n) = d(n) . An

A OT has t w o t yp es of no des: OR no des and AND

1

W e use the common con v en t ion of referring to the searc h

graph as a `tree'. In fact a game corresp o n d s to a directed

acyclic graph b ecause it is p ossible for the same state to b e

reac he d via di�eren t paths.

T

T F

T T T T ? F

T F ? ? T F F

T T

Figure 1. And / Or T ree with truth v alues of no des lab elled.

The arcs underne a t h some of the no des indicate that they are

AND no des. The other no des are OR no des.

no des. F or a giv en tree with v alues assigned to the leaf

no des w e determine the v alues of the in ternal no des b y:

AND no de: v(n) =
^

c2 ch( n )

v(c)

OR no de: v(n) =
_

c2 ch( n )

v(c) .

The AND op erator ( ^ ) is de�ned suc h that if an y c hild

of a no de is F ALSE then the no de is F ALSE, oth-

erwise if an y c hild is UNKNO WN then the no de is

UNKNO WN, otherwise it is TR UE. The OR op era-

tor ( _) is de�ned suc h that if an y c hild of a no de is

TR UE then the no de is TR UE, otherwise if an y c hild

is UNKNO WN the no de is UNKNO WN, otherwise it

is F ALSE; see Figure 1 for an example tree.

Eac h AND no de corresp o nds to a p osition in whic h it

is the defender's turn to mo v e (b ecause ev ery defender

resp onse m ust b e considered to pro v e that the goal can

b e ac hiev ed). Eac h OR no de corresp o nds to a p osition

in whic h it is the attac k er's turn to mo v e (b ecause

only one w orking attac k er mo v e m ust b e found in eac h

p osition along the path to the solution). This sc heme

is equiv alen t to the minimax algorithm with a binary

v alued ev aluation function (Russell & Norvig, 1995 ).

If the ro ot has v alue TR UE or F ALSE then the tree is

`solv ed' and the v alue of the tree is the v alue of its ro ot.

If a tree has v alue TR UE it is `pro v ed', if it has v alue

F ALSE it is `dispro v ed'. If no c hildren can b e added to

a leaf no de (b ecause no legal mo v es are a v ailable) then

it has v alue F ALSE if it is an AND no de and TR UE

if it is an OR no de.

In this w ork w e fo cus on b est-�rst searc h. A t eac h

step in a b est-�rst searc h the most promising no de
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Figure 2. And / Or T ree with pro of and dispro of n um b ers la-

b elled as [PN,DN]. The path to the most pro ving leaf is sho wn.

(according to some criteria) is dev elop ed. This is in

con trast to depth-�rst searc h where the searc h tree

is en umerated up to some �xed depth. In practice

depth �rst searc h has pro v ed m uc h more successful in

game pla ying applications b ecause of the di�cult y of

mo v e selection. Ho w ev er, using depth as the criterion

for terminating searc h ma y result in a great deal of

w asted computational e�ort b y not concen trating on

imp ortan t lines of pla y . Both depth-�rst and b est-�rst

metho ds su�er from the horizon e�e ct : imp ortan t lines

of pla y ma y b e terminated b efore they are pla y ed out

leading to a p o or estimation of the v alue of the ro ot

(P ala y , 1985).

2.2. Go

A OT s can b e used to describ e problems in the game

of Go

2

. Go is an ancien t orien tal b oard game of t w o

pla y ers, `Blac k' and `White' (Müller, 2002 ). The pla y-

ers tak e turns to place stones on the in tersections of

a grid with the aim of making territory b y surround-

ing areas of the b oard. All the stones of eac h pla y er

are iden tical. Once placed, a stone is not mo v ed but

ma y b e captured (b y b eing surrounded with opp onen t

stones). W e fo cus on the task of solving a class of

Go problems called tesuji

3

problems where the goal in

eac h case is to capture a particular stone on the b oard

(Da vies, 1975) (Figure 7). F or these problems g(n) is

TR UE if the goal v ertex is empt y in p osition n .

2

A great deal of information ab out Go can b e found at

http://w w w .go b ase .o rg .

3

A tesuji is the b est pla y in a certain lo cal p osition. These

mo v es ha v e names suc h as the `net', the `ladder', the `cranes

nest' etc. T esuji problems are used in teac hing a pla y er these

standard pla ys.
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Figure 3. Searc h tree as Ba y esian net w ork. Eac h no de is la-

b elled with its probabilit y of b eing TR UE. The estimated path

of b est pla y is also lab elled - notice it is the same as the path

follo w ed b y PNS (Figure 2).

2.3. Pro of Num b e r Searc h

W e compare our tec hniques to Pro of Num b er searc h

(PNS) (Allis, 1994 ), a state-of-the-ar t b est-�rst searc h

algorithm for �nding solutions to problems represen ted

as A OT s. T w o n um b ers are assigned to eac h no de: the

pro of n um b er (PN) and the dispro of n um b er (DN).

The PN of a no de is de�ned as the minim um n um b er

of no des that m ust b e dev elop ed in order to pro v e that

no de.

PNn =

8
>>>><

>>>>:

P
c2 ch( n ) PNc if in ternal AND no de ;

min c2 ch( n ) PNc if in ternal OR no de,

0 if g(n) = TR UE ;
1 if g(n) = F ALSE :
1 if UNKNO WN leaf no de

By symmetry the rules for propaga ting DNs are the

same as the rules for PNs if w e exc hange OR for AND

and TR UE for F ALSE. Figure 2 sho ws an A OT with

pro of and dispro of n um b ers lab elled. Giv en a searc h

tree the next no de to dev elop is determined b y w orking

do wn the tree from the ro ot, selecting the c hild with

the lo w est PN at eac h OR no de and the c hild with the

lo w est DN at eac h AND no de. Once a leaf is reac hed

it is dev elop ed and then the PNs and DNs are prop-

agated up to the ro ot. This pro cess is rep eated un til

the tree is solv ed.

3. Searc h and Inference

Probabilit y propaga tio n (PP) applies the rules of prob-

abilit y to calculating a b elief distribution o v er the Del-

phic v alues of no des in the tree. W e assume that the
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Figure 4. Comparing the n um b er of no des dev elop ed in order

to solv e a set of tesuji Go problems.

v alue of eac h c hild of a no de is distributed indep en-

den tly of the states of its siblings. This assumption

ma y frequen tly b e violated (for example in a game tree

the v alues of siblings are lik ely to b e correla ted as once

the pla y er is in a strong p osition there are lik ely to b e

man y go o d mo v es a v ailable). This seems more lik ely

to b e a problem for global (strategic) searc h of the

game tree rather than lo cal, tactical searc h, to whic h

the ideas presen ted here seem more applicable.

F or eac h no de, n , w e store the probabilit y of it b e-

ing TR UE: Pn := P (d(n) = TRUE) ; n 2 N . If a

no de has v alue F ALSE the probabilit y Pn = 0 , if it

has v alue TR UE then Pn = 1 . If the no de is UN-

KNO WN then the probabilit y represen ts our degree

of b elief ab out the v alue of the no de b eing TR UE. In-

ference is ac hiev ed b y simple propaga tio n rules (P earl,

1984 ; Chi & Nau, 1988):

AND : Pn = P

0

@
^

c2 ch( n )

d(c)

1

A =
Y

c2 ch( n )

Pc (1)

OR :Pn = P

0

@
_

c2 ch( n )

d(c)

1

A = P

0

@:
^

c2 ch( c)

: d(c)

1

A

= 1 ¡
Y

c2 ch( c)

(1 ¡ Pc): (2)

The Ba y esian net w ork for the mo del is sho wn in Figure

3. The join t distribution of the Delphic v alues of all

no des in the game tree is:

P(N ) =
Y

n 2N nF

P
³

d(n)j f d(c)gc2 ch( n )

´ Y

l 2F

P(d(l))

(3)

where F is the set of lea v es (the searc h fr on-

tier ). F or an AND no de, P(d(n)j f d(c)gc2 ch( n ) ) =
I (d(n) =

V
c2 ch( n ) d(c)) and for an OR no de

P(d(n)j f d(c)gc2 ch( n ) ) = I (d(n) =
W

c2 ch( n ) d(c)) . F or

TR UE or F ALSE no des the priors on the leaf v al-

ues, P(d(l)) are set to 1 or 0 resp ectiv ely . F or UN-

KNO WN lea v es the priors represen t our prior b elief

ab out whether the no de is TR UE or F ALSE (set to

0.5 in initial exp erimen ts).

The Algorithm The game tree is explored b y the

b est-�rst searc h pro cedure describ ed in the algorithm

b o xes. A t eac h step the b est no de to expand is se-

lected b y starting at the top of the tree and w orking

do wn w ards follo wing the path of b est pla y (according

to curren t b eliefs). There are t w o w a ys in whic h new

observ atio ns can c hange the planned sequence of ac-

tions - b y reducing the v alue of the curren t plan or b y

increasing the v alue other actions so as to mak e them

preferable (Russell & W efald, 1991 ). Our metho d ex-

plores the �rst of these p ossibilities.

T o implemen t the propaga tio n rules w e represen t the

probabilities as log-o dds ratios, logodds(p) := L(p) :=
ln( p

1¡ p ). This uses the full �oating p oin t range to rep-

resen t L(p) , with high precision at b oth ends of the

range (corresp o nding to probabilities close to 1 or 0).

The log-pro ba bilit y domain is not suitable as it has

p o or accuracy for probabilities close to 1 whic h are

readily generated b y the OR rule in large problems.

Algorithm 1 FindBestNo de( n )

if n is leaf then

return n
else if n is AND no de then

return FindBestNo de( argminc2 ch( n ) f Pcg)

else

return FindBestNo de( argmaxc2 ch( n ) f Pcg)

end if

Algorithm 2 Up dateBeliefs( n )

if n is AND no de then

Calculate Pn via (1)

else

Calculate Pn via (2)

end if

Up dateBeliefs( pa(n) )

Exp erimen ts (See Section 5.1 and Figure 4) sho w that

PP and PNS m ust expand roughly the same n um b er of

no des to solv e Go problems. Comparing �gures 2 and

3 it can b e seen that PP and PNS are similar strate-

gies. Both metho ds a v oid exploring branc hes of the
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Algorithm 3 Dev elop( n )

ch(n) := L (n)
for all c 2 ch(n) do

if g(c) TR UE then

Pc := 1.0

else if g(c) F ALSE then

Pc := 0.0

else

Pc := p(d(c)) (prior)

end if

end for

Algorithm 4 Searc h

while proot < 1:0 do

n = FindBestNo de(ro ot)

Dev elop( n )

Up dateBeliefs( pa(n) )

end while

tree leading to AND no des with man y c hildren (due

to the fact that a pro of of suc h a branc h w ould in v olv e

pro ving more no des in total). PP di�ers from PNS in

that it has an a�nit y for dev eloping OR no des with

man y c hildren (due to the fact that eac h c hild of an

OR no de represen ts an indep enden t additional c hance

of �nding a pro of of the paren t). That is, PP tends to

explore parts of the searc h tree where player has more

mo v es a v ailable and opp onent has few er mo v es a v ail-

able. Th us PP seems to reco v er an in tuitiv e heuristic:

mobilit y .

4. Searc h and Kno wledge

Searc h is a pro cess of observ atio n. The searc h algo-

rithm is initialised with some prior b eliefs ab out the

leafs of the tree. These prior distributions are surro-

gate for the as-y et unexplored parts of the tree. There

is a trade-o� b et w een searc h and kno wledge: the more

accurate the prior b eliefs the few er states the searc her

m ust explore to �nd a pro of. When searc h termi-

nates the parameters eac h surrog a te prior distribution,

p(d(l)) can b e up dated according to the �nal v alue of

the no de, d(l) , determined b y the searc h. If the v ector

l denotes all of the no des in all of the searc hes then the

join t lik eliho o d is giv en b y p(d(l)jq) =
Q

i p(d(l i )jq) .

The parameters q are shared across no des (dep ending

on whic h common p atterns matc h) so generalisa tio n

across di�eren t p ositions and searc h tasks is p ossible.

4.1. P attern Matc hing

Exact lo cal pattern matc hing giv es a rapid and sur-

prisingly accurate Go mo v e predictor (Stern et al.,
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Figure 5. The sequence of nested patter n templates Ti with i 2
f 0; : : : ; 7g.

2006 ). In this pap er w e apply this tec hnique to rep-

resen t kno wledge in searc h. A pattern is de�ned as

the exact arrang e men t of stones in a sub-region of

the b oard cen tred on the empt y lo cation of the b oard

where a mo v e is to b e made. W e de�ne a set of �xed

nested `templates' Ti 2 T (Figure 5). Eac h template

Ti is a mask whic h determines the sub-region of the

b oard within whic h the arrang e men t of stones (of size

i ) m ust matc h for the pattern to b e presen t. Size 1

is the smallest template (just the p oin t at whic h the

mo v e is made) and Size 7 is the largest. Therefore

eac h mo v e in a Go p osition corresp o nds to a stac k of

8 patterns of nested sizes. Eac h pattern maps to an

e�cien tly generated hash k ey suc h that the patterns

are in v arian t to the 8-fold symmetry of the square. In

con trast to our earlier w ork, here eac h pattern v ertex

has �v e states (attac k er stone, defender stone, empt y

v ertex, o�-b oard, goal stone) and the patterns are not

in v arian t to colour rev ersa l.

No des (p ositions) are mapp ed to patterns via the mo v e

whic h generated the no de. Let the stac k of all patterns

whic h matc h for a no de n b e denoted b y ¼(n): Eac h

pattern de�nes a man y-to-one mapping from searc h

tree no des to a lo ok-up table, H , via the hash k ey .

This table can b e view ed as a partial-tra ns p o s itio n ta-

ble. A transp osition table (TP) is a to ol used in most

practical game searc h implemen tations whic h con tains

the v alues of all b oard p ositions that previously ap-

p eared in the searc h so if a p osition is encoun tered

again the information already gathered ab out it can

b e exploited (Plaat et al., 1986 ). In this w ork w e

do not map from p ositions to TP en tries but instead

from p atterns (partial p ositions) to table en tries. This

partial matc hing allo ws generalisa tio n across di�eren t

searc h tasks whic h is b ough t at the cost of uncertain t y

- hence the en tries in the partial-TP are probabilit y

distributions.

When a no de, n , is dev elop ed and its c hildren c 2 L (n)
are added to the tree then the patterns for eac h pattern

template T 2 T cen tred on the mo v es whic h generate

these c hildren are harveste d, i.e. added to H .
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Figure 6. Hierarc hical P attern Mo del. In this case there are 11

patter n s in total in the hierarc h y in 3 lev els. The full system has

8 lev els in the hierarc h y . The diagram sho ws 11 observ at ion s.

4.2. Surrogate T ree Mo dels

Beta Mo del Let ¼̂(l ) denote the largest pattern

(whic h has b een observ ed at least once b efore) matc h-

ing for no de l . The prior distribution on the v alue

of a leaf no de, p(d(l)) , is distributed according to

a Bernoulli distribution, p(d(l)jq¼̂( l ) )= Ber( d(l); q̂¼(l ) ) .

The parameter q represen ts a prior b elief ab out the

no de b eing TR UE. W e place a Beta prior on q̂¼(l ) ,

p(q̂¼(l ) )= Beta( q̂¼(l ) ; ®¼̂( l ) ; ¯ ¼̂( l ) ) . This giv es the pre-

dictiv e distribution p(d(l)j®¼̂( l ) ; ¯ ¼̂( l ) ) = ®¼̂( l )

®¼̂( l ) + ¯ ¼̂( l )

and the parameters ®¼̂( l ) and ¯ ¼̂( l ) are pseudo-c ounts

corresp o nding to the n um b er of observ ed pro ofs and

dispro ofs resp ectiv ely of all no des where ¼̂(l ) is found

to matc h.

After searc h termination, the p osterior distribution

o v er the parameter p(ql jd(l )) is Beta(ql ; ®0
¼̂( l ) ; ¯ 0

¼̂( l ) )
with ®0 = ® + 1 if d(l) = TR UE and ¯ 0 = ¯ + 1 if

d(l) = F ALSE. This up date is applied for al l elemen ts

of ¼(n) for eac h solv ed no de, n , in the tree.

Hierarc hical Gaussian Mo del W e also considered

a mo del whic h tak es accoun t of the en tire stac k of pat-

terns that matc h at a v ertex. In tuitiv ely the evidence

pro vided b y a larger pattern should dominate o v er the

evidence from a smaller pattern at the same lo cation

b ecause the larger pattern con tains all the informa-

tion of the smaller pattern plus additional information.

Ho w ev er, the smaller patterns should b e allo w ed to in-

�uence the v alue of the larger patterns in cases where

the larger patterns ha v e b een seen infrequen tly .

First w e de�ne a hierarc hical mo del of the v alue of Go

mo v es. Let the set of the v alues of all the (in�nite)

p ossible observ atio ns of all p ossible Go mo v es in all

p ossible p ositions b e Y: Also, let the set of (laten t)

v alues of all p ossible patterns of all sizes b e X : Eac h

mem b er of X shall b e denoted x ij where x ij is the

v alue of the j th pattern of size i: The index of the

smallest pattern size is 0 so the v alue of the smallest

(zero sized) pattern is x00 . The largest pattern size

is m (in the exp erimen ts here m = 7 ). An observ ed

v alue, yjk 2 Y , is the k th observ atio n of the j th full

b oard p osition. The join t distribution is:

p(Y; X ) = p(X ) ¢p(YjX )

= p(x00)
mY

h=1

Y

k

Y

j

p(xhj jx (h¡ 1)k )

::: ¢
Y

q

Y

i

p(yqi jxnq )

where p(x ij jx ( i ¡ 1) j ) = N (x ij ; x ( i ¡ 1) j ; ¯ 2
i ¡ 1) ,

p(yij jxni ) = N (yij ; xni ; 1) and p(x00) =
N (x00; ¹ 0; ¾2

0) . Figure 6 sho ws a corresp o nding

graphical mo del with m = 3 . The v ariance param-

eters, ¯ 2
i , corresp o nd to the v ariabilit y of the laten t

v alue of patterns of sizes i + 1 ab out the v alue of the

size i pattern that also matc hes and are estimated

empirically . The predictiv e (Gaussian) distribution

o v er the mo v e-v alue yij is determined b y b elief

propaga tio n (MacKa y , 2003 ).

In order to use this mo del as a prior o v er the proba-

bilit y of a leaf no de, n , b eing TR UE in the searc h tree

w e in tro duce the conditional distribution p(d(n)jy) =
f switch (d(n); y) = I ((y > 0)^ d(n))+ I ((y < 0)^: d(n))
(w e observ e the constrain t that a TR UE no de has p osi-

tiv e v alue and a F ALSE no de has negativ e v alue). This

corresp o nds to letting the probabilit y of a no de b eing

pro v ed TR UE b e the area under the p ositiv e orthan t

of the Gaussian b elief: p(d(n)j¹; ¾) = Ber( d(n); 1 ¡
©(0; ¹; ¾2)) for p(y) = N (y; ¹; ¾) . After searc h termi-

nation, for a no de with v alue d(n) and a b elief from

the hierarc hical mo del of N (y; ¹; ¾2) the up date is:

p(yjd(n)) =
f switch (d(n); y) ¢ N(y; ¹; ¾2)

Z (¹; ¾2; d(n))
:

This is non-Gaussian so w e appro ximate it b y the

Gaussian closest in terms of KL div ergence. F ollo wing

this appro ximation inference is b y b elief propaga tio n.

5. Exp erimen ts: PNS vs PP

PNS and PP are applied to the task of solving a set

of Go problems whic h w e kno w in adv ance all ha v e a

TR UE solution. A dispro of criterion w as de�ned based

on the lib ert y coun t of the goal stone. The n um b er of

lib erties of a stone is the minim um n um b er of stones

that m ust b e pla y ed to capture it. The goal function
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Figure 7. Example tesuji capture problems (Da vies, 1975). The

goal is to capture the stones mark ed with a triangle.

w as set as

g(n) =

8
>><

>>:

TRUE if goal v ertex empt y ;
TRUE if a ladder w orks,

FALSE if lib erties of goal > L;
UNKNOWN otherwise

If searc h terminates with v alue F ALSE then L is in-

cremen ted and the searc h rep eated. This pro cess is

rep eated un til the searc h terminates with v alue TR UE.

5.1. No Kno wledge

Firstly the p erformance of PNS and PP with an ig-

noran t prior ( p(d(l)) = 0 :5; l 2 F ) are compared on

a set of 192 Go capture problems

4

(see Figure 4). In

most problems the t w o algorithms p erform similarly

as discussed in Section 3.

5.2. Learning

In a second set of exp erimen ts w e include additional

problems that could not b e solv ed b y PNS. These are

randomly divided in to a training set (289 problems)

and a test set (145 problems). The pattern table, H ,

is initially empt y . During learning the searc her har-

v ests patterns con tin uously . The prior distribution for

eac h new no de is assigned using one of the surrog a te

mo dels describ ed in Section 4.2, using the patterns to

determine the parameters of the mo dels. Learning is

carried out b y up dating the p osteriors o v er the param-

eters of the surrog a te mo dels after searc h termination

for mo v es leading to TR UE and F ALSE no des.

A time-out of 120s is set for eac h problem. The

searc her iterates o v er the training set re-attempting

problems that previously failed un til as man y prob-

lems as p ossible are solv ed. The result plots are gen-

erated b y timing the solv er on the test set and com-

paring these times with the time tak en b y PNS. Time

is used for compariso n so additional cost asso cia ted

4

These are also a v ailable at h ttp://t-t.dk/madlab thanks to

Thomas Thomsen.

with pattern matc hing and inference is tak en accoun t

of. Problems that are solv ed after learning but could

not b e solv ed b y PNS are lab elled as crosses on the

plots. Problems whic h could b e solv ed b y PNS but

not PP are lab elled as circles on the plots. The dots

corresp o nd to problems that could b e solv ed b y b oth

algorithms. Problems whic h could b e solv ed b y neither

algorithm are omitted.

The Beta mo del is tested (Figure 8 top) with t w o dif-

feren t initial settings for the prior parameters ( ® and

¯ ) . Learning impro v es the sp eed of problem solving,

sometimes b y orders of magnitude. Ho w ev er, there

are a n um b er of problems whic h fail after learning but

w ere able to b e solv ed b efore learning suggesting o v er-

�tting. This problem is ameliorated b y using a p eak ed

prior (Figure 8 righ t). The hierarc hical mo del p er-

forms somewhat b etter with less o v er-�tting (Figure 8

b ottom). The left plot corresp o nds to an initial setting

of zero previous observ atio ns . The plot on the righ t

w as generated b y assigning prior b eliefs as if a n um-

b er of previous observ atio ns of p(d(l)) = 0 :5 had b een

made (compare with initialising the pseudo coun ts of

a Beta distribution).

6. Conclusions

Probabilit y propaga tio n as a means to solv e Go prob-

lems app ears to p erform similarly to b est-�rst pro of-

n um b er searc h. Exp erimen ts suggest it is p ossible to

learn from previous searc hes ho w to searc h faster b y or-

ders of magnitude. Ho w ev er, great care m ust b e tak en

to prev en t o v er-�tting.
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