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Analysis of algorithms

Issues:
correctness

time efficiency
space efiiciency

optimality

Approaches:

theoretical analysis
empirical analysis
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1neorctical analysis or ume

efficiency
Time efficiency is analyzed by determining the number of
repetitions of the basic operation as a function of input size

Basic operation: the operation that contributes most
towards the running time of the algorithm

input size

I(n) ~ c,,C(n)
Number of times
basic operation is

execution time
executed

running time
for basic operation
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Input size and basic operation example

Input size:measure Basic operation

Problem

Searching for key in a | Number of list’s items, Key comparison

list of n items i.e.n
Multiplication of two | Matrix dimensions or Multiplication of
matrices total number of elements | two numbers

n’size = number of digits
Division

Checking primality of (in: binary

a given integer n .
5 5 representation)
Visiting a vertex or

#vertices and/or edges :
traversing an edge

Typical graph
problem
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Empirical analysis of time efficiency

Select a specific (typical) sample of inputs

Use physical unit of time (e.g., milliseconds)

or
Count actual number of basic operation’s executions

Analyze the empirical data

A. Levitin “Introduction o the Design & Analysis of Algorithms,” 2 ed., Ch. 2
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of all possible inputs
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Best-case, average-case, worst-case
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For some algorithms efficiency depends on form of input:

Worst case: C_  (7)— maximum over inputs of size n

Best case: C,...(n) — minimum over inputs of size n

Average case: C, (n)— “average” over inputs ot size n

Number of times the basic operation will be executed on typical

input
NOT the average of worst and best case
Expected number of basic operations considered as a random

variable under some assumption about the probability distribution
2-6
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Example: Sequential search
4
ALGORITHM SequentialSearch(A[0..n — 1], K)
//Searches for a given value in a given array by sequential search
/[[Input: An array A[0..n — 1] and a search key K
Jf,f*'OLLtI}ut.: The index of the first element of A that matches K
/! or —1 if there are no matching elements
[ <0
while i <#n and A[i] # K do
[ <1+ 1
if i <n return i
else return —1
Worst case
Best case
A. Levitin “Introduction to the Design & Analysis of Algorithms,” 2 ed., Ch. 2
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Types of formulas for basic operation’s co

Exact formula
e.g., C(n) = n(n-1)/2

Eormula indicating order of growth with specific

multiplicative constant
e.g., C(n) = 0.5 n?
Eormula indicating order of growth withi unknown

multiplicative constant
e.g., C(n) = cn’

A. Levitin “Introduction o the Design & Analysis of Algorithms,” 2 ed., Ch. 2
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Order of growth

Most important: Order of growth within'a constant multipl

dS i —> 60

Example:
How much faster will algorithm run on computer that is

twice as fast?
How much longer: does it take to solve problem of double

Input size?

A. Levitin “Introduction o the Design & Analysis of Algorithms,” 2 ed., Ch. 2
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Values of some important functions as n —

i":' Y

n |logzn n nlogsn nA n”
10 35 10F S310F  10% 1 167 3.6-10°
102 | 66 102 66100 10¢ 105 1.310°° 9.310%7
10° | 10 1w 10104 10°  10°
13 10¢ 1.310% 108 1012
105 1.7105 1010 105
2.0-107

10
17
10" 101%
Values (some approximate) of several functions important

1012

10°
108

20

for analysis of algorithms

Table 2.1
2-10
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Asymptotic order of growth

A way of comparing functions that ignores constant factors and

small input sizes
O(g(n)): class of functions f{n) that grow no faster than g(n)

O(g(n)): class of functions f(n) that grow at same rate as g(n)

(Q(g(n)): class of functions f{n) that grow at least as fast as g(n)

A. Levitin “Introduction o the Design & Analysis of Algorithms,” 2 ed., Ch. 2
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: 1011 Hn) € O(ﬁ(”):‘
T — Figure 2.1 Big-oh notation: {(n)
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Big-omega
t{n)

cg(n)

doesn't
matter

L))
2-13

Big-omega notation: t(n) € O{g(r
A. Levitin “Introduction o the Design & Analysis of Algorithms,” 2 ed., Ch. 2
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Figure 2.3 Big-theta notation: t(n) € @(g(n))
A. Levitin “Introduction o the Design & Analysis of Algorithms,” 2 ed., Ch. 2
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Establishing order of growth using the definition

Definition: f{n) is in O(g(n)) if order of growth of f{n) < orde

of growth of g(n) (within constant multiple),
i.e., there exist positive constant ¢ and non-negative integer

n, such that
J(n) =< c g(n) for every n =n,

Examples:
10n is O(n?)

2-15
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Some properties of asymptotic order of growth

o |

Jn) 5 O(f(n))
)01 O(g(n)) 1t g(m) L C(f{m))
If f(n) [ O(g (n)) and g(n) 11 O(h(n)) , then f{n) [ O(h(mn))

Note similarity with a < b

I£;(n) U O(g, () and f;() U O(g,(n)) , then
i)+ () 0 O(maxig, (), £,()})

2-16
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Establishing order of growth using limits

0 order of growth of 7(n) < order of growth of g(n)
c > 0 order of growth of T(n) = order of growth of g(n)
order of growth of 7(n) > order of growth of g(n)

lim 7(n)/g(n) =
n— oo

Examples:
* 101 3. 4
s n(nt1)2 Vs, L
“‘\:‘\:‘\:\Il:\:\:\:\ll:\l\l\l\ll-
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I.’Hopital’s rule and Stirling’s formul

im S, @)
() ()

n — o

IL°Hopital’sirule: Iflim,  fin) = lim,_ . g(n)= % and
the derivatives [, g° exist, then

Example: log n vs.n

]S::tirlin ’S fgrmula': n! = (2min)'? (n/e)"
xampie: Z" vS. n.
A. Levitin “Introduction o the Design & Analysis of Algorithms,” 2 ed., Ch. 2 2-18
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Orders of growth of some important functio

All logarithmic functions/log n belong to the same class
©(log n) no matter what the logarithm’s base a > 1 is

All polynomialsiof the same degree kK belong to the same class:

an+a_n** ...+ a, [0 O(n)
Exponential functions a” have different orders of growth for

different a’s
order log n < order n” (0>0) < order a” < order n! < order n”
2-19

A. Levitin “Introduction o the Design & Analysis of Algorithms,” 2 ed., Ch. 2

ved.

“\|\I\I\II\I\I\I\II\I\I\I\II-
g
Copyright © 2007 Pearson Addison-Wesley. All rights reser

M]mII\I\I\II\I\I\II\I\I\I\II\I!II_
i



Basic asymptotic efficiency classes Ty
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1 constant
log 1 logarithmic
n linear
nlog n n-log-n
2 quadratic
- cubic
o exponential
! factorial
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Time efficiency of nonrecursive algorithms

General Plan for Analysis

Decide on parameter 7 indicating input size

Identity algorithm’s basic operation

Determine worst, average, and best cases for input of size n

Set up a sum for the number of times the basic operation is

executed
Simplify the sum using standard formulas and'rulesi (see
Appendix A)
il
M
MﬂﬂII\I\I\II\I\I\II\I\I\l\ll\lul— Addison-Wesley. Al rights reserved. A. Levitin “Introduction o the Design & Analysis of Algorithms,” 2 ed., Ch. 2 2-21
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Useful summation formulas and rules

1=1+1+...41=u-1+1
l1=n-1+1=n0 O(n)

leiSu
I<i<u

In particular, >
1= 152%.. . +n = n(nt1)/2 = n?/2 0 ©(n?)

leign
2 = 124224 +12 = n(n+1)(2n+1)/6 = m3/3 [ O@?)

leiSn
a=1+a+...+a*=(@""-1)/(a-1) for anya# 1
20 =20+ 21+, + 22 =271 1 [ O(2")

a.i

0<i<n
a =24

z0q; = c2a; 2.0,
A. Levitin “Introduction o the Design & Analysis of Algorithms,” 2 ed., Ch. 2

ZOSiSn
In particular, >

||||||||||||||||i:ai == b ] ) _ Zai + Zb i
MWIII\I\I\II\I\I\II\I\I\I\II\IV-
- Copyright © 2007 Pearson Addison-Wesley. All rights reserved.

Zm+1£i£u i

a
2-22



R gy

Example 1: Maximum element

MaxElement(A[0..n — 1])
//Determines the value of the largest element in a given array

ALGORITHM
/[Input: An array A[0..n — 1] of real numbers
//Output: The value of the largest element in A

maxval < A[0]
fori < 1ton —1do

if A[i] > maxval
maxval < Ali]

return maxval

2-23
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Example 2: Element uniqueness probl

ALGORITHM  UniqueElements(A[0..n — 1])

//Determines whether all the elements in a given array are distinct
//Output: Returns “true” if all the elements in A are distinct

//Input: An array A[0..n — 1]
and “false” otherwise

//

fori < Oton — 2 do
forj<—i+1ton—1do
if A[i]= A[/] return false

return true

2-24
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Example 3: Matrix multiplication

Matrix Multiplication(A[0..n — 1, O..n — 1], B[0..n — 1. 0.
//Multiplies two n-by-n matrices by the definition-based algorithm

ALGORITHM
//Input: Two n-by-n matrices A and B

/[Output: Matrix C = AB

fori <~ Oton —1do
forj <0ton—-1do
Cli, j] < 0.0
fork <—(Oton 1do
Cli. j] < Cli. j1+ Ali, k1% BIk. j]

return C

2-25
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Example 4: Gaussian elimination

Algorithm GaussianElimination(A[0..7=1,0..77])
/Amplements Gaussian elimination ot an r7-by-(7+ 1) matrix A

fori —« Oton-2do
forj -« i+1ton-1do

for k — itondo
Al Kkl < Aljk] - Al k] DA[7,7] / Ali,7]

Find the efficiency classiand a constant factor improvement

A. Levitin “Introduction o the Design & Analysis of Algorithms,” 2 ed., Ch. 2

ved.
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Example 5: Counting binary digits

ALGORITHM Binary(n)
/[Input: A positive decimal integer n
/Output: The number of binary digits in »’s binary representation

count «— 1

while n» = 1 do
count < count + 1

n< |n/2|

return count
It cannot be investigated the way the previous examples are.

2-27
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Plan for Analysis of Recursive Algorithms
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Decide on a parameter indicating an input’s size.

Identify the algorithm’s basic operation.

Check whether the number of times the basic op. is executed
may vary on different inputs of the same size. (If it may, the
worst, average, and best cases must be investigated

separately.)

Set up a recurrence relation with' an appropriate initial
condition expressing the number of times| the basic op. 1s

executed.

Solve the recurrence (or, at the very least, establish its
\I\I\I\II\I\I\I\II\I\I\I\II- SOlution, S Order Of grOWth) by baCkward SubStitutionS Or

T — 11 Other meth()d.
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Example 1: Recursive evaluation of 7!

Definition: n ! = 1 2 ... [{z-1) [n torn =1 and 0! =1
Recursive definition of n!: F(n)= E(n-1) [ln forn =1 and
ALGORITHM F(n)

//Computes n! recursively
//Input: A nonnegative integer n

//Output: The value of n!
if n =0 return 1
elsereturn F(n — 1) xn

2-29

Size:
A. Levitin “Introduction o the Design & Analysis of Algorithms,” 2 ed., Ch. 2

Basic operation:
— nnumnnm-nﬂecurr eénce relatiOIl2
ved.
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Solving the recurrence tor Vi)

M) =M(n-1) + 1, M(0)=0

2-30

' ithms,” 2 ed., Ch. 2
A. Levitin “Introduction to the Design & Analysis of Algorithms,
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Example 2: The Tower of Hanoi Puzzl

2-31

Recurrence for number of moves:
A. Levitin “Introduction o the Design & Analysis of Algorithms,” 2 ed., Ch. 2
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moy.
Solving recurrence for number of

M) = 2Mi(n-1)+ 1, V(1) =1

2-32
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Tree of calls for the Tower of Hanoi Puzzle
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Example 3: Counting #bits

ALGORITHM BinRec(n)
/[/Input: A positive decimal integer n
//{Output: The number of binary digits in »’s binary representation

if » =1 return 1
else return BinRec(|n/2]) + 1

2-34
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Eibonacci numbers

The Fibonacci numbers:
0,1, 1,2 3,5, 8, 13, 21, ...

The Fibonacci recurrence:
E(n) = E(n-1) + E(n-2)

E(0) =0

F(1)=1
General 2" order linear homogeneous recurrence with

2-35

constant coefficients:
aX(n) + bX(n-1) + cX(n-2) =0

A. Levitin “Introduction o the Design & Analysis of Algorithms,” 2 ed., Ch. 2

ved.
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Solving aX(n) + bX(n-1) + cX(n-2) =

Set up the characteristic equation (quadratic)
ar*+br+c=0

Solve to obtain roots , and'z,

General solution to the recurrence
if'r, and' 7, are two distinct real roots: X(n) = or,” + pr)”
X(n) = or* + Pnr™

if'r, =7, = rare two equal real roots:
Particular solution can be found by using initial conditions
2-36
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numbers
E(n) = E(n-1) + E(n-2) or E(n)- E(n-1)- E(n-2)=0

Characteristic equation:

Rioots of the characteristic equation:
General solution to the recurrence:

Particular solution for F(0) =0, E(1)=1

2-37
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Computing Fibonacci numbers
Definition-based recursive algorithm

Nonrecursive definition-based algorithm
Explicit formula algorithm

Fn-l) F@) _ 0 1
F(n) E(n+1) 1 1

for n=1, assuming an efficient way of computing matrix

pPOWers.
A. Levitin “Introduction o the Design & Analysis of Algorithms,” 2 ed., Ch. 2

ILogarithmic algorithm based on formula
n
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